Abstract. Aeolian desert sand dunes birth from wind flow and sand bed interactions: depending on wind properties and sand availability, they can adopt several different shapes from huge motionless star dunes to small and fast mobile barchan dunes. These latter have a characteristic crescentic shape and form on hard ground with low sand supply under a monodirectional wind . Here, a 3d barchan model based on existing 2d model is proposed. After describing the intrinsic difficulties of 2d model due to the barchan original 3d structure, we show that taking into account the reptating grains leads naturally to a lateral slice coupling, which takes the mathematical form of a diffusive process. This simple and physically meaningful coupling allow us to understand the formation of the crescentic shape of barchan dunes.
. Barchan dune side view. Main properties of barchan dunes are outlined : two horns pointing downwind, presence of a slipface and flatness of the main body. This barchan is approximately 30 meters long and width, while it is 3 meters high. The slipface angle is roughly 30 o to the vertical, which is the angle of equilibrium of a sand-pile.
Therefore, even though field measurements are difficult, the main properties of barchan dunes can be outlined. First of all, its main part is almost flat with an aspect ratio of roughly 1/10. It has a crescentic shape, its two horns pointing downwind -a typical barchan is depicted on the Fig. 1 . The inner sandless area is the trace of a recirculation bubble, due to boundary layer separation near the dune crest [1, 2, 3] . This recirculation bubble force the sand to be deposited near the crest, and consequently lead to the formation of a slip face on the downwind side. About barchans morphology, their dimensions range from 1 to 30 meters high, and 10 to 300 meters long and wide [1, 2, 3, 26] . Larger barchan dunes exist but instabilities often arise on their windward side, leading to more complicated shapes called mega-barchan [2, 3] . Field observations reveal that height, width and length of barchan dunes are linked by linear relationships [11, 26, 20] , and that no mature barchan dune smaller than one meter high can be found in deserts. This last point reveals the existence of a minimal size for barchan dune.
Secondly, Barchans may be very mobile and their speed is strongly dependent on wind power and on their size: geologist field observations show that they can move up to 70 meters a year [12] . Their motion is intrinsically linked with sand grains motion : when wind blows, sand grains are dragged by airflow, and are eventually deposited near the crest. If the deposit is too large, an avalanche occurs, and grains are moved down the slip face. Therefore, one can say that the dune is a very good sand trapper. Hence, grains from the windward side of the dune pass to the bottom of the slip face, and the dune moves. More accurately, for the same average wind strength, barchans dunes velocities are roughly inversely proportional to their heights [1, 2, 8, 10, 26, 28] .
Finally, the last important characteristic of barchan dunes, but the less documented, is that some sand can escape from the horns [1, 2, 3, 29] , where no recirculation eddy develops. Thereby, barchan dunes is a true three dimensional structure, where the center part and the border have totally different properties.
Despite this great amount of work, there are still many unsolved fundamental issues on the physics of barchan dunes. As a matter of fact, the genesis of barchan dunes on sea-shore, their stability and their solitons-like behavior are poorly understood, as their dynamical shape-response to wind variations. Because, of the inherent difficulties of field experiments, (just think about the timescales and lengthscales involved), numerical modeling is, aside from laboratory experiment [27] , a proper way to search for barchan dunes properties. Fig. 2 . Barchan dune properties. Grains follow wind direction, and sand flux is not too much deviated by the dune relief. As observed in the field, sand grains can escape from the horns, but not from the main dune body. Instead, they are trapped into the slipface. This difference of behavior between the main body and the horns is the key to understand the 3d structure of barchan.
As a matter of fact, recent 2d models have already given excellent results for transversal dunes. However, it is unsuitable to keep studying barchan from a 2d model : barchans are 3d structures, where the differences between the main body property -sand trap property -and the horns are crucial.
The aim of this paper is to discuss how to extend conveniently 2d C c c dune-maker model to a 3d situation, and then to show that the crescentic shape can be simply explained by looking at sand flux constraint and lateral sand flux redistribution. Hence, it is useful to start by recalling briefly main features of the C c c model.
2 The C c c class of model 2d models are based on the following idea : Taking an initial 2d profile for the sand bed, the induced perturbation of the fluid velocity field is computed. Then the rate of erosion is deduced and finally the sand bed is updated, and so forth. The hard part of this approach is to determine the flow velocity perturbations due to the topography of the 2d dune. This will be all too expansive in time to compute exact turbulent numerical solution starting from the Navier-Stokes equations. We prefer to use what we called C c c model [25] , which is low-cost in computation time and which has already given excellent results for 2d dune shape study [21, 22, 24, 25] .
numerical model for the 2d case
We consider a sand bed profile h(x, t). where x is along the wind direction. First, the mass conservation can be written in function of the local height of the sand bed and of the sand flux q(x, t) as :
Notice that in this description, q represents the vertically integrated volume sand flux: it is simply the volume of sand which crosses position x at time t. The next relevant point to outline is the saturation of the sand flux over a certain length called the saturation length, l sat [24, 25, 27] . It is linked to the minimal size of barchan dunes and is crucial for barchan dunes understanding. Therefore, we add a simple charge equation which takes this saturation process into account.
The core of the C c c model is based on the work of Jackson & Hunt [30, 31] , who presented an analytical calculus of the shear velocity perturbation around a flat hill in comparison to a flat ground. Recently, Sauermann, followed by Kroy et al. [21, 24] have proposed a simpler version of this perturbative model, keeping only the main meaningfull physical terms which are able to described the interaction between the dune relief and the turbulent boundary layer wind flow. Calling U * the shear velocity on a flat ground, the perturbed shear velocity is expressed as :
where h e (x) is the envelope of the dune -to avoid singularity at the crest because of the presence of an eventual slip face, the shear velocity perturbation is computed for a new profile which encage the dune and its recirculation bubble [10, 32] . With this description, the boundary layer separation, is taken into account heuristically. Despite of this crude method, 2d results are in good agreement with field observations. The physical meaning of A and B have already been discussed in [25] . A is linked with the influence of the whole shape on the speed flow -pressure term -and B is related to the asymmetry of the flow : the shear stress is maximum before the dune crest. Notice, that in this last equation, the shape of the dune is taken into account across its first derivative. It comes from the assumption that atmospheric turbulent boundary layer is fully developed, so changes in u * must be scale-invariant. Finally, the Bagnold relation [1] links the saturated flux, i.e. the local maximum value of the sand flux, to the shear velocity by: q sat ≃ u 3 * . Doing a linear expansion we get directly:
Where, Q is the saturated flux value for the case of a flat sand bed. Notice, that Q and l sat are used to rescale these last equations. Finally, avalanches must not be forgot: if the local slope exceeds a threshold value, the sand flux is increased strongly along the steepest slope and the formation of the slip face is well reproduced.
This kind of C c c model has been used successfully to model 2d barchan profile [24, 25] . Despite Kroy et al., here, coefficient A and B are not deduced from the calculus of Jackson & Hunt, but are rather considered as tuneable parameters. It is important to notice that this class of model does not depend strongly on the shear stress calculus: other models [33] for the shear stress perturbation could be used, providing that they enclose the role of the speed up of the air flow at the crest and the asymmetry of the flow. The same remark applies for the saturated flux relation : as a linear expansion is performed, any kind of power law relationship can as well be used. This shows the robustness of the physics ingredients in this class of model.
Speed dispersion
The first naive idea to achieve a 3d modeling is to start from a 3d structure and to compute its evolution by slicing it [25, 10] : for each slice, the 2d C c c model applies and gives temporal evolution of the relief. However, this kind of naive approach is doomed to get nothing but a barchan. If initially all the slices have the same shape -but at a different scale ratio -the saturated flux at the crest is the same for all the slices, as imposed by turbulence scale invariance. Then, for a given input flux, the speed of each slices is :
where q c and q out are respectively the flux at the crest and the output flux of a slice. Hence borders have to go faster -at least in the main part -than the central slice and eventually they break from the main body. This speed dispersion leads naturally to a crescentic shape -see Fig 3. It means that to get a steady state propagative barchan dune it is necessary to homogenize the speed of all the slices, that is to say that as the height changes, the quantity q c − q out must varies along the lateral direction on the dune. Moreover, for the main body, q out is equal to 0, and for the horns part, q out is not null, so two kinds of behavior must be reproduced by the C c c model at the same time.
two kind of solutions
As a matter of fact, 2d simulations manage to simulate two kinds of 2d solutions: dune solutions and dome solutions [25] . The basic difference between them is the presence -or not -of a slip face, which consequently implies -or not -a boundary layer separation and then some trapping efficiency, leading to different values of q out . With a slip face, the 2d dune keeps its sand. Then there is no stationary propagative solutions -unless for a null input sand fluxbecause sand accumulates into the slip face, and the slice can't stop growing. However for a dome, the sand escape forbids to use a null input flux: the loss of sand isn't compensated, and the slice can only shrinks.
These two kinds of 2d solutions match with the two different parts of a barchan dune : the main body corresponds to dune solution with a slip face, and the horns corresponds rather to dome solution where the sand can escape. Since dome and dune solutions can not exist under the same input flux conditions, it is quite impossible to use 2d C c c model directly on a sliced 3d sand pile. Moreover, speed dispersion effect is amplified by the different properties of the main body and the horns: while the main body grows it slows down and horns which are shrinking accelerates.
Again, the only solution to overpass these problem is to extend the 2d sliced model to a 3d model with coupled slices. The coupling can redistribute the sand flux over the dune, and by this may allow the coexistence of horns and the main part of the dune. Coupling the slices by exchanging sand mass laterally, is a way to change the effective value of the sand flux at the crest and then to change the speed of each slice. It is an important point, since to reach an equilibrium shape, it is necessary, to homogenize the speed on the whole sand pile, so to say, to reduce the erosion born flux on the border. Starting from an initial sand pile, no steady barchan dune is obtained. In fact, the dune is not stable and the horns separates from the main body which can only grows because of the input sand flux. The initial sand pile is a cosine bump : h(x, y) = cos(2πx/W0)cos(2πy/W0), with W0 = 30lsat.
Avalanches
First, avalanches are computed in three dimensions, and they happened along the steepest slope. This induces a strong lateral sand flux between the slices in the slip face area, where avalanches develop. However, this lateral flux is directed from small slices towards bigger ones, and consequently it cannot homogenize slices speed.
Wind deflection
The next point is the lateral wind deflection. Experimental observations [1, 21] , tend to show that because of dune flatness, wind flow is not deviated much by the dune. So to speak the stream line of the wind flow are kept in a plane and consequently grains trajectories are not dragged into the lateral direction. Nevertheless, it is always possible to compute the wind speed perturbations in the lateral direction too. This has been done recently [34] , and there is hardly evidence that it is the main physical process responsible for the lateral sand flux on the dune. However, it appears to be an important effect in the development of lateral instabilities along transversal dunes [35] .
Saltation coupling
A better candidate is to look at the grains motion on the dune. Sand transport can be described in terms of two species [36, 37, 38, 39, 40, 41, 42, 43] : grains in saltationsaltons -and grains in reptation -reptons. Grains in saltations, are dragged by the wind, collide the dunes surface, rebound and then are accelerated again by the air-flow. At each collisions, saltons dislodged many grains, the reptons, which travel on a short distance, pushed by the saltons but finally rolling down the steepest slope, and then wait for another saltons impact. saltons are dragged by the wind, and they follow quasi 2d trajectory as the airflow [21] , except when they collide back the dune. In fact, at each collision, they can rebound in all the direction, depending on the local surface properties. However, in average, it may be equivalent to the deflection of grains trajectory impacting a smooth inclined plane and the average angle of deflection along the lateral direction y can be written as
In this case, at each collision a salton is deflected a little towards the border side of the dune: this is again a slice-coupling mechanism. It has already been used by Sauermann [10] and this leads to a possible way to make a 3d barchan model. Nevertheless, as said before, this deflection is strongly dependent on the surface roughness, and furthermore it is not a simple elastic rebound. Moreover, even if the salton is deflected on rebound, it is further accelerated by the wind again and thus dragged back in the wind direction. The salton energy is transmitted to many future reptons, and the angle of reflection might not be so simply dependent on the local slope [46] . Notice, that lateral dispersion of sand flux by collision, may be responsible for the natural lateral homogenization of sand flux on a hard ground [1, 21] . 
Reptation coupling
Despite the major role plays by saltons in the dune dynamics process [31, 38] , one should not forget the presence of reptons. Following field observations [45, 44] , reptons are strongly dependent on the local slope: it can be observed by looking at the relative orientation of the wind and ripples directions. On a hard ground, they are perpendicular to wind direction, but on a dune, their relative orientation change with the local slope [44] . If one is reluctant to use the saltation coupling, because of its inherent difficulties, all the ejecta -reptons -produced by collisions, are rolling on the dune surface afterwards : a major role is played by gravity which naturally tends to move the grains along the steepest slope, and consequently which couple the slices laterally. We can wonder what is the relative influence of reptation coupling and saltation coupling. A typical saltons has an ideal trajectory depicted on Fig.4 : first it rebounds on the ground, almost vertically and then it is dragged by the wind and fall down because of gravity to rebound again. As the deflection happens during the first step -a quasi vertical jump -the lateral deviation is small compared to the saltation length which is typically around one meter. It is no more the case for reptons, which have a comparable motion -centimetric -along the wind direction and along the steepest slope. Finally for both cases the deviation should be centimetric. However, for one saltons, there are many reptons, so that the reptation lateral flux should be predominant. In the following part, we will focus on the coupling by reptation, which has not been used up to now for the study of barchan dune.
Reptation and lateral coupling
As the reptons are created by saltons impact, the part of the flux due to reptons must varies like the saltation flux [1, 39, 42] . Hence, the flux of reptons may be simply written as [47] q rep = αq sal e x − βq sal ∇h
The α coefficient represents the fraction of the total flux which is due to reptons for a flat bed. In case the bed is not flat, the flux is corrected to the first order of the h derivatives, by a coefficient β and directed along the steepest slope to take into account the deflection of reptons trajectory by gravity. Finally, assuming that saltation trajectories are 2d, the total sand flux q is given by:
where, q sal is the part of the sand flux due to saltation, while q rep represents the reptation sand flux.
Moreover, while the saltation flux needs a certain distance to get its saturated value [24, 26, 27] , it is not the case for the reptation flux, which is assumed here to saturates over a much shorter distance; the charge equation for the saltation is then unchanged :
and the mass conservation:
Using the expression of the reptons flux, we can write this last equation as :
Then if we call D = αβ/(1 + α) andq = (1 + α)q sal these two last equation can be rewritten as classic equation with a slice coupling by the diffusion coefficient D.
Finally, we obtain the same set of equation than before but with one more phenomenological parameter, D which can be understood as the importance of the coupling of the slices, because of deflection of reptons towards the greatest slope of the sand dune. The saturation length l sat and the saturated value of the flux on a flat sand bed Q are used to rescale these equations. Notice thatq is not the saltation flux anymore, but simply the part of the flux which does not depend on the bed slope. Here, we have neglected the sand flux deflection due to saltation collisions. This assumption is performed for two simple reasons : first, we have said that collisions deflection is strongly dependent on the surface roughness, and consequently, on the average the deflection should be smaller than for reptons which are always driven towards the steepest slope. Secondly, to the first order in h derivative, this effect is also a diffusive effect, and then it may be added by considering two different diffusion coefficient along the wind direction and its perpendicular direction. Moreover it is important to understand that saltation is necessary. As a matter of fact, there is no reptation without saltation, reptation coupling is then like an induced coupling mechanism.
the crescentic shape
We finally get a 3d C c c model which depends on three phenomenological parameters : A and B taking into account aerodynamics effect, and D describing the efficiency of the slices coupling . Although the final shape depends on these parameters, it may now exists a final steady state, providing that quasi periodic boundary conditions are used. Fig. 5 shows a typical 3d final steady state of a computed barchan dune and arrows on Fig. 6 indicate the direction of the total sand flux on the whole dune shape. The deviation towards the horns is clearly visible as the sand captured by the slipface. The physical mechanism -gravity -which contributes to redistribute the sand flux towards the horns seems to ensure that a steady state is reached -see Fig 5. Looking at the evolution sketch on the Fig 7 is useful to understand this last point. At the beginning, the crescentic shape appears, as for the naive 2d sliced model. However, for each slice, the erosive born sand flux is different, because of the lateral sand transfer. More precisely, if we call q excess , the excess flux due to deflected reptons, the existence of a saturated flux imposes for a steady shape :
Hence improving the excess flux q excess decreases the erosion flux q erosion and consequently it decreases the speed of the considered slice. Eventually, horned-part get the speed of the rest of the dune : an equilibrium is reached. Moreover, the main body, which would grow without coupling, can now reach an equilibrium shape, because all the extra flux is deviated towards the horns. The diffusion parameter, D controls the way the flux is redirected from the central slice towards the horns, leading to the stability of the whole structure.
Hence, the crescentic shape of barchan dune can be interpreted as follow : starting from a sandpile, as the borders are faster than the central part a crescent appears. Soon, the horns receive enough sand from the main body to decrease their speed and to compensate the output flux. After a while the speed of each slice is homogeneized and the barchan moves without changing its shape. This short analysis is useful to realize that the final shape of the barchan dune is strongly dependant on this transient part and consequently on D.
Finally, this coupling process is stabilizing towards local deformation. If a slice increases its height, the excess sand flux which leaves the slice grows -because the local lateral slope increases -, leading to the shrink of the deformation. On the same basis, starting from a shape with two maxima, the flux part sensitive to the local slope tends to fill the gap between the two maximum: the whole mass is redistributed and a single barchan shape is obtained, see Fig. 8 . This last point is interesting because it shows that without a lateral sand flux which depends on the local slope, but with only a lateral wind shear stress coupling, no barchan dune could survive to this kind of perturbation.
Diffusion coefficient influence
Of course, because we use A, B, and D as effective parameters, numerical barchan dune are not always realistic. It happens only for a precise set of parameters. However, this kind of study, offers the understanding of the physical effect controlled by A, B and D. Changing D value, change the final barchan shape. And its effect can be understood by general simples arguments, which confirm the pertinence of this approach. In this part, A and B are kept constant.
As it can be seen on the Fig. 6 , D has a strong influence on the length of the global shape : the length decreases with D. This evolution can be understood by a qualitative argument : for a small lateral sand flux, the flux at the horns tip is mainly due to the input flux and to the local erosive originated flux. Then, erosion may be important, and the horns speed too. While the transient, the shape changes to an elongated barchan dunes. Now, for a greater D, the lateral flux is larger. Thus, erosive part of the flux decreases and the horns are slow down faster, which leads to a smaller length for the barchan after the transient part.
The width of the horns has also an obvious dependency on the D value: for a strong D, the deviated flux is strong, leading to a strong leak by horns. However, as the output sand flux can not exceed some saturated value, horns must Fig. 7 . evolution of an initial cosine bump sand pile : h(x, y) = cos(2πx/W0)cos(2πy/W0). Initially, the horns are faster than the central part of the dune, then the crescentic shape forms. It reaches an equilibrium because of the lateral deflected sand flux, which feeds the horns. Fig. 8 . evolution of a complex shape with two maximum. With lateral sand flux, the defect is cleared and a barchan shape appears. Without diffusion, a more complex shape appears, and is stabilised because of avalanches on its back.
be large too, in order to evacuate all the incoming sand. Therefore, barchan dunes horns are wider for higher value of D. This simple explanation is confirmed by numerical simulation, as depicted in Fig. 9 and Fig. 10 .
More precisely, there is a strong output flux at the horns -obviously smaller than Q -and its value is higher if D increases. Measuring horns width in the field may be a convenient way to estimate the value of D from field observations. Finally, the width and height of the barchan depends on D too. In fact the diffusive effect is directly linked to the aspect ratio of the dune h/w. A strong slope is easily cleared with a great D. Then the higher D is, the smaller h/w is. In other word, the dune tends to spread out laterally when D increases. As a matter of fact, for really big value of D, there is even no more slip faces for the computed sand structure.
Influence of A and B parameters
In the part dedicated to recall the main specifications of the C c c model, we have explicitly said that instead of taking estimated value of A and B from Jackson & Hunt theory, we consider them as tuneable parameters. Here it is important to understand that the value of D is constrained by the values used for A and B, and then that it is significant to look at the whole triplet to understand better the final crescentic shape of barchan dune. Fig.11 shows a phase diagram with D kept constant at the value of 0.5. Many different shapes can be observed, from a large and thin crescent to a flat sand patch with hardly a crescentic part. This C c c model is then able to produce a great variety of shape, most of them are crescentic, but not necessarily conform with field observations on the Earth -even if it could be interesting to compare Mars barchan morphology with this model. For strong value of the ratio A/B, there is hardly a slip face, and the C c c model gives dome solutions. On the contrary, for weak value of A/B, the slip face spread out on the whole dune. That is to say that the B/A parameter controls the way the slipface is nucleated. And the slipface formation is crucial to understand the formation of dune and in particular the formation of the crescentic shape of barchan dune. The question of the position of the crest turns to be rather difficult : it is necessary to determine the boundary layer separation on the dune profile. This is, obviously a complex question that the C c c model cannot solve since the boundary layer take off is only described heuristically by a slope criteria. Obviously, these latter comments must be restricted by the presence of the diffusion factor which plays a great role. In fact, the higher D is, the smoother the aspect ratio, and the less the role of A and B is im- Computations are made with a constant volume thanks to quasi periodic boundary conditions. On the right, the central slice is figured out. Notice that for D = 0, a steady state is reached because of lateral redistribution of sand due to avalanches on the dune back. However, there is a sharp edge which separates the dune in two part, leading to an arrow shape rather than the barchan shape.
portant. Finally the whole dynamic of dune seems to be controlled by two parameter: B/A, B/D. One can hope that with fields measurements of horns width (to get B/D value) and of the minimal size of barchan dune (to get B/A value), it will be possible to determine these parameters.
Discussion and Conclusion
In the end, the reptation appears to be a physically meaningful way to explain the shape of crescentic barchan dune. As reptons are sensitive on the local slope, they naturally induce a lateral sand flux, which in return permit to a given sandpile to get an equilibrium shape, inspite of slices speed dispersion and intrinsic difference of the main part and the horns. Moreover, even if we have neglected saltation diffusion, it could be easily taken into account, since it is also slope dependant, and it leads also to a nonlinear diffusive term. Therefore, the crescentic shape is only due to two mechanisms, which are in competition. The first one is the speed dispersion among the dune: the small height slices are faster than higher ones, leading to the crescentic shape, and eventually to the destruction of the barchan dune. The second one, is the lateral flux deflection which reduces the horns speed by feeding them. It leads to the homogenization of the speed slices, and eventually to the propagation of the barchan dune as a whole . Thus this is the interplay between these two effects, propagation and diffusion, that leads to the characteristic barchan shape.
Another important point which must be outlined is the presence of a saturated sand flux which is a sine qua none condition to get a steady state barchan shape. Erosion born flux decreases if the incoming sand flux on a slice increases, because the total sand flux cannot exceed the saturated flux, leading to the slow down of the given slice.
Finally, with that model, it is also possible to understand the role of parameters A and B, and to link the air flow property (A, and B parameter) and the sand transport (D) to the morphology of barchan dune. Notice for example that barchan dune on mars, do not seem to have the exact same shape, and that looking at their shape can permit to better understand the type of Martian wind flow and motion of Martian particles.
The last point which must be mentioned is about the stability of one barchan dune. As a matter of fact, in all this paper, barchan dune have been numerically obtained with quasi periodic boundary conditions. It is in fact needed to get steady state. If standard boundary conditions are used, the barchan dune takes the "good shape" but keeps growing or shrinking depending if the incident sand mass is higher or lower than the sand escaping by the horns. This point is very crucial since it suggests that single barchan dunes are not stationary structures. And despite of that result, there are many barchan dunes observed in desert. As a matter of fact, the variability in wind direction or strength may be important for the mass balance of a single barchan. Therefore, this model should be used with a variable wind to understand the link between wind regime and output sand flux escaping from the dune horns.
